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We investigate the effects of rotation on the excited bands of a tight-binding lattice, focusing particularly on
the first excited p band. Both the on-site energies and the hopping between lattice sites are modified by the
effective magnetic field created by rotation, causing a nontrivial splitting and magnetic fine structure of the p
band. We show that Peierls substitution can be modified to describe p band under rotation, and use this method
to derive an effective Hamiltonian. We compare the spectrum of the effective Hamiltonian with a first-
principles calculation of the magnetic band structure and find excellent agreement, confirming the validity of
our approach. We also discuss the on-site interaction terms for bosons and argue that many-particle phenomena
in a rotating p band can be investigated starting from this effective Hamiltonian.
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I. INTRODUCTION
Ultracold atom experiments display amazing versatility
and promise to improve our understanding of many-particle
physics. There is now hope for direct experimental realiza-
tion of many models which were constructed as effective
models of condensed matter systems, such as the Hubbard
model 1. However, the extent of the ultracold atom experi-
ments are not limited to previously discussed models; novel
systems such as dipolar 2 and spinor gases 3 are created
as well. Through the interplay of these experiments and theo-
ries aimed at explaining or stimulating them, a better under-
standing of quantum many-particle physics emerges.
One of the problems that has been discussed extensively
in the condensed matter literature, but never experimentally
realized is the effect of a periodic potential under high mag-
netic fields 4. When the magnetic flux through the unit cell
of the periodic potential is of the order of one flux quantum,
the energy spectrum displays complex magnetic fine struc-
ture within the Bloch bands. Conventional condensed matter
systems with lattice constants in the order of nanometers
require thousands of tesla magnetic fields to be able to see
these effects, which is very far from being experimentally
feasible.
Recently a number of authors have argued that this model
can be realized in a cold atom setup within current experi-
mental capability 5–11. As the atoms are neutral the mag-
netic field is expected to be created either by rotating the
optical lattice, or by optically induced potentials. A weak
rotating optical lattice has already been realized in vortex
pinning experiments 12, and there is ongoing work about
creating effective magnetic fields via light induced coupling
13. Theoretical studies of these systems promise interesting
phenomena such as lattice quantum Hall effects 14–17 or
the observation of topological conductance quantization 18.
Most of the recent theory, as well as the previous inves-
tigations in the condensed matter literature are focused on
the lowest s band of the lattice. An important reason for
this focus is that the magnetic fine structure of this lowest
band is very well described by the Peierls substitution 19.
The resulting band structure for the split s band is easily
obtained from a difference equation and is a self-similar frac-
tal, known as the Hofstadter butterfly 4. The original tight-
binding Hamiltonian is modified only by the addition of
phases to hopping amplitudes and serves as a starting point
for the investigation of many-body physics in this system.
An exciting development in cold atom physics has been
the realization that higher bands in an optical lattice are also
experimentally accessible 20,21. The physics of the first
excited band, the p band, contains surprises such as Bose
condensation at nonzero momentum 22, or orbitally or-
dered Mott insulators 23–26. For a system of fermions
p-band physics can be accessed trivially by filling the s band
completely; surprisingly the relaxation time for bosons in the
p band is long enough to allow experimental access to pure
p-band physics.
A natural question to ask about the p-band physics is how
the particles in the p band respond to the effective magnetic
field created by rotation. Experimentally, if a strong rotating
optical lattice is realized, the p band should be as accessible
as the s band. One can imagine the already rich physics of
the p band 27–33 to be strongly affected by the magnetic
field, as both the orbital order within each lattice site and the
hopping between different lattice sites will be modified. Be-
yond the single particle physics, it is not clear how the vari-
ous many-particle phases, such as orbitally ordered Mott in-
sulators, will be affected by rotation.
The theoretical investigation of such effects requires a
consistent method of incorporating the phases generated by
the magnetic field into the lattice Hamiltonian. For the s
band, Peierls substitution, in which one builds an effective
Hamiltonian by replacing k with p−eA /c / in the energy
band function gives a satisfactory description of the one par-
ticle physics 4. Starting from this effective Hamiltonian
interaction effects can be investigated. The accuracy of
Peierls substitution for the s band has been checked by nu-
merical solutions of the Schrödinger equation 19. However,
as for degenerate bands of which the p band is the simplest
example the conjecture was that “wherever the unperturbed
Bloch bands touch or overlap, it is not possible to obtain the
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magnetic substructure by semiclassical methods, even ap-
proximately, by means of a universal rule for the whole Bril-
louin zone” 19.
In this paper, we generalize the Peierls substitution proce-
dure to the p band, and obtain an effective Hamiltonian for
the p band of the rotating optical lattice. We show that after
an appropriate diagonalization in k space, which assumes
temporarily that only the on-site energies are affected by the
degeneracy lifting field, Peierls substitution is still a good
option to obtain the detailed magnetic fine structure. We
check the spectrum obtained from the effective Hamiltonian
with an accurate numerical solution of the two-dimensional
Schrödinger equation and obtain excellent agreement. This
method should in principle be applicable to other degenerate
bands and it provides us with a means to examine inter par-
ticle interactions.
The paper is organized as follows: In the next section, we
introduce the Hamiltonian for a rotating optical lattice, and
discuss the tight-binding limit. Section III contains a discus-
sion of the Peierls substitution scheme, the resulting mag-
netic fine structure, and its comparison with direct numerical
solutions. In Sec. IV, we give the effective Hamiltonian in-
cluding interactions and conclude in Sec. V.
II. MODEL
We start with the Hamiltonian for a particle in the rotating









2 r2 − ẑ · r  p
+ V0sin2kx + sin2ky , 1
where p= px , py and r= x ,y. m is the mass of the par-
ticle,  is the transverse harmonic trapping frequency,  is
the rotation frequency, and V0 is the depth of the optical
potential created by a laser beam with wave number
k=2 / for counterpropagating laser beams lattice constant
a is equal to  /2. In what follows, we use photon recoil
energy ER=
2k2 / 2m as the energy unit. This Hamiltonian
can be rearranged as
H =
p − mẑ  r2
2m





2 − 2r2. 2
We neglect the last term assuming that  is very close to ,
so essentially we deal with a particle under an effective mag-
netic field B=2mc /e in a lattice potential. We assume that
V0 is deep enough for a tight-binding description to apply to
the system and furthermore concentrate on the dynamics of
the particles in the first excited p band of the lattice. Our
approach is to first cast this Hamiltonian into a second quan-
tized form which includes the anisotropic hopping between
nearest neighbor sites, the on-site zero point energies, and
also the shift caused by rotation. Not only do we expect the
hopping between lattice sites to be affected, as it was for the
s band, but also the on-site energies to be modified. How-
ever, since the hopping and on-site Hamiltonians do not
commute, a common transformation that accounts for both
modifications cannot be found.
To overcome this difficulty, we temporarily assume that
the hopping amplitudes are not affected by the effective mag-
netic field and the only change is in the on-site energies. Our
expectation is that in this way we will obtain two nondegen-
erate bands to which we can apply Peierls substitution. This
procedure is rather ad hoc the validity of which is later
checked through a comparison with the first-principles re-
sults presented previously 19 and reproduced here partially.
We proceed with considering the following p-band tight-
binding Hamiltonian the energy spectrum of which is mea-
sured relative to the center of the tight-binding s band for
noninteracting particles including the on-site zero-point en-











† byR − byR
† bxR , 3
where the summation is over all lattice sites R and band
indices =x ,y since the problem is two-dimensional, the pz
orbital will not be considered. As usual, bR
† bR is the
creation annihilation operator for a particle in the p band
at lattice site R, e is the unit vector along the  direction, 
is the frequency of the isotropic harmonic oscillator potential
which models the lattice potential around its minima, and t
is the anisotropic hopping amplitude. The explicit expression
for t in the absence of rotation is
t = 	p* r− 222m + Vr	pr + aedr
	 t

 − 1 − 
t, 4
where Vr is the periodic lattice potential and 	pr is the
localized Wannier function corresponding to the p band.
When we approximate the lattice potential by a harmonic
oscillator around a minimum, these can be expressed as a
product of harmonic oscillator eigenfunctions, i.e.,
	pxr=u1xu0y and 	pyr=u0xu1y, unx being the
nth harmonic oscillator eigenfunction. t
 is the hopping am-
plitude between two neighboring p orbitals aligned along the
orbital orientation and t is the amplitude when the orbitals
are oriented transversely with respect to the line connecting
them. Both amplitudes are defined to be positive and t
  t
due to larger overlap. Since the lattice potential is separable
in x and y coordinates, t
 and t indeed have simple expres-
sions in reference to the one-dimensional problem. t and t

are one quarter of the widths of the lowest and next lowest
bands for V=V0 sin
2kx, respectively. By solving the
Schrödinger equation numerically, we find t=0.0025ER and
t
 =0.0603ER for V0=20ER. The on-site zero-point energy 
also has the simple interpretation of being the energy differ-
ence between s and p levels bearing in mind the harmonic
description, see Fig. 1.
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III. PEIERLS SUBSTITUTION AND MAGNETIC FINE
STRUCTURE
We perform a Fourier transformation on the Hamiltonian
Eq. 3 as a preliminary for diagonalization in momentum




† bxk + yk + byk
† byk
+ ibxk
† byk − byk
† bxk , 5
where k=2t coska. Since the Hamiltonian is bilin-
ear in creation and annihilation operators, it is diagonalizable
by a Bogoliubov transformation. Defining f1k	xk+ and
f2k	yk+, we observe that the Hamiltonian is diagonal-
ized in k space by the following transformation:
k =
1
2 cos k + sin kbxk + icos k − sin kbyk ,
k =
1












1 +  f1k − f2k
2
2 .










 1 +  f1k − f2k
2
2, 7
where upper lower sign refers to  . From this point on,
we can apply Peierls substitution to the dispersion relation
Eq. 7 to obtain an operator out of it, i.e., we change k to
p−eA /c / using the Landau gauge A=Bxŷ. The resulting





 1 + 1
2






 f1k − f2k
2
4 + ¯  , 8
with the assumption that f1k− f2k /2
= coskxa−coskyat
 + t / is smaller than one. If
t
 + t / is much smaller than one, terms of lower order
in f1k− f2k /2 will be more dominant and one needs to
consider only a few terms for a desired accuracy, instead of
summing the whole series. Increasing accuracy is achieved
by adding higher order terms. In a typical experimental con-
dition, for instance, with V0=20ER and ER, the ratio
t
 + t / is 0.063, so a first order approximation may be
sufficient for the desired accuracy. Here, we give the results
to second order in f1k− f2k /2, for completeness. The
approximate energy band functions, where we retain terms




 1 + 1
2




 + c1coskxa + coskya
+ c2




 − t, and c2
=  t
 + t2 /2.
After converting cosines into sums of exponentials and mak-
ing the Peierls substitution we obtain discrete translation op-
erators, which allow us to express the eigenvalue problem as
a difference equation. Since translations along y are multi-
plied by phases depending on x in the Landau gauge, one
should be careful in creating an operator from cross terms
such as expikxaexpikya. The correct way of transforming
should yield Hermitian operators and is obtained by symmet-
ric combinations such as
FIG. 1. Lowest three bands for the two-dimensional sinusoidal
lattice potential. The energy difference between the lowest two
bands s and degenerate p levels measured from the band centers
is  within the harmonic oscillator approximation for the potential
minima,  being the oscillator frequency. For V0=20ER,
=7.7739ER.






Due to the translational invariance of the problem along the
y direction, the y dependent part of the wave function is a
plane wave 4
x,y = eikyygx . 11
Making the substitutions x=na and y= la, n and l
being integers, and acting the effective Hamiltonian
E,p−eBxŷ /c / on the wave function Eq. 11, we get

















cos2n	 − kya + cos2n − 1	 − kyagn − 1
+  c2
2
cos4n	 − 2kya + c1 cos2n	 − kya + c0
 + c2
gn = Egn , 12
where c0
, c1, and c2
 were introduced following Eq. 9 and
	=a2B / hc /e is the magnetic flux quantum per unit cell. 	
can be expressed in terms of the rotation frequency  as 	
=2ma2 /h.
When 	= p /q, p and q being relatively prime integers, the
difference equation Eq. 12 yields q equations together
with the Bloch condition gn+q=eikxqagn due to the q-site
translational invariance in the x direction. By diagonalizing
the resulting qq coefficient matrix for several kx and ky
pairs, we obtain the energy eigenvalues, which are plotted in
Fig. 2, as a function of 	. We observe that each split band
further divides into q subbands forming a pattern which has
close resemblance to the Hofstadter butterfly. This result is in
fact anticipated since c2
=  t
 + t2 /2 is much smaller
than c1= t
 − t and if we simply neglect it as a first approxi-
mation, the energy band function Eq. 9 will just be that of
the tight-binding s band, except that we have  which
gives rise to increasing separation between the split p bands
with increasing 	. Our approximation becomes poorer as 	
or  becomes smaller since we require that t
 + t / be
small. This is apparent in Fig. 2 in which we highlight the
region where two bands overlap. However, if we increase the
lattice depth, which decreases the hopping amplitudes, we
can increase the region of validity. Equivalently, we can say
that our results should improve as 	 increases. Another im-
provement option would be to consider a higher order expan-
sion in translation operators, which models long-range hop-
ping with yet smaller amplitudes.
To be able to judge the accuracy of the magnetic fine
structure obtained by our method we compare it with a direct
numerical solution of the Schrödinger equation, starting from
the Hamiltonian Eq. 2. One method of numerical solution
is to reduce the problem to a magnetic unit cell using mag-
netic translation symmetry and solve the two-dimensional
Schrödinger equation within this unit cell using finite differ-
ence methods. Unfortunately, the magnetic unit cell size in-
creases with q, the denominator of the flux 	= p /q, and the
nontrivial boundary conditions required by magnetic transla-
tion symmetry makes this direct solution method computa-
tionally inefficient. Another, more efficient method, which
was first developed by Zak 34, and then expanded on by
Obermair et al. 19, is to use magnetic translation symmetry
to reduce the two-dimensional Schrödinger equation to a set
of p one-dimensional equations with nonlocal couplings.
This equation can be handled with relative ease using a trun-
cated basis of harmonic oscillator wave functions. Still, a
numerical calculation is efficient only for pure cases with
	=1 /q and for small q values.
In Figs. 3 and 4, we compare our results with those ob-
tained by a direct numerical calculation along the lines of
Ref. 19. Calculations with the effective Hamiltonian are









FIG. 2. Magnetic fine structure of the p band for V0=20ER.
Twofold degenerate zero-field p band is split into two as 	= p /q
grows. Each split band further has q subbands. Our approximation
fails in the shaded region, corresponding to 	1 /6 the nearest
	=1 /q to 1 /5, for which the spectrum is displayed in Fig. 3,
where two bands overlap. This region can be made narrower if the
lattice depth V0 is increased.
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much faster and the results are as good as the direct numeri-
cal solution. For instance, in the case of 	=1 /5 Fig. 3 the
agreement is already good, but if we increase 	 to 1 /3 Fig.
4, apart from a slight overall shift, we see that band gaps are
also more faithfully reproduced. The computational effi-
ciency of the effective Hamiltonian method for the single
particle problem is striking, but its real utility is that it can be
used as a starting point to include interactions in the system.
IV. EFFECTIVE HAMILTONIAN
Until now, we have essentially been dealing with the
single particle spectrum. The results we obtained can be uti-
lized to examine the case of many particles, if we first write



































Ar,r = ei4n	, r and r have x = na1, otherwise. 
Br,r = e
i2n+1	 + ei2n	, r and r on y = − x
ei2n−1	 + ei2n	, r and r on y = x
r or r has x = na .

Cr,r = ei2n	, r and r have x = na1, otherwise.  13
Here, r ,r denotes summation over nearest neighbors in
the square lattice with separation a, r ,r over next-
nearest neighbors with separation 2a, and r ,r over
next-next-nearest neighbors with separation 2a;  sign re-
fers to the hopping direction. We note that the next-nearest
and next-next-nearest coupling amplitudes turn out to be the
same in our approximation. This effective Hamiltonian rep-
resents noninteracting particles moving in the p band of a
square lattice under a particular magnetic flux 	. The con-
nection between the new and old operators is made through
the following definition:
k 	 cos kbk
+ + sin kbk
−,
k 	 cos kbk
− − sin kbk
+, 14
with bk
	bxk ibyk /2. The operator bk+ bk− annihilates a
particle with momentum k whose z component of angular
momentum is − . To first order in t
 + t /, k and






cos kxa − cos kyabk
,
where the upper lower sign refers to  . After express-
ing cosines as exponentials, we make the Peierls substitution,
i.e., we change k to k−eBxŷ /c in the coefficients of bk
 and
interpret the resulting factors expi2	x /a as momentum
translation operators whose action on a function of k is given
by expi2	x /afk= fk2	x̂ /a. Fourier transfor-




















FIG. 3. Color online a Approximate energy levels, corre-
sponding to 	=1 /5, in our effective Hamiltonian approach. b
Band diagram obtained through a first-principles calculation in
which a truncated basis of harmonic oscillator wave functions is























FIG. 4. Color online Energy levels for 	=1 /3. a Results of
the effective Hamiltonian approach. b First-principles band dia-
gram. Our approximation is better compared to the case of 	
=1 /5, depicted in Fig. 3, in the sense that here band gaps are also
more correctly captured, apart from a slight overall shift. Also
shown, by dashed lines, are the edges of the zero-field p band.













where the indices n , l specify the x =na and y =la co-
ordinates.
For bosons, the short-range repulsive interactions between
particles can be incorporated into our model as an on-site
interaction energy which can be written, up to terms renor-
malizing the chemical potential, as 22
Hint =
U




U = g 	px,yr4dr , 16
where nr=br
† br is the boson number operator,
Lzr=−ibxr
† byr−byr
† bxr is the z component of the angular
momentum of a boson at site r, and g0 is the short-range
repulsive interaction strength. The interaction Hamiltonian

















By adding Hint Eq. 17 to Hef f Eq. 13, we obtain the
Hamiltonian for interacting bosons in the p band of a rotating
optical lattice.
V. CONCLUSION
We considered how the degenerate excited bands of a
tight-binding optical lattice are affected by the effective mag-
netic field created by rotation. Specifically considering the
first excited p band of a two-dimensional lattice, we
pointed out that the magnetic field causes not only the hop-
ping between different lattice sites to be modified, but also
changes the on-site energies. We showed that once the modi-
fication of the on-site energies are explicitly taken into ac-
count, the Peierls substitution scheme can be used to obtain
an effective Hamiltonian and the energy spectrum of the sys-
tem.
The energy spectrum contains not only the splitting of the
two bands under the effective magnetic field, but also the
fine structure forming a pattern similar to the Hofstadter but-
terfly. We compare the energies obtained from the Peierls
substitution procedure with a direct numerical solution of the
Schrödinger equation, and observe that our procedure
matches the numerical solution to a very good accuracy.
The effective Hamiltonian is obtained by using a series
expansion in the ratio of the hopping parameter t
 t to
, which is a small parameter for tight-binding lattices ex-
cept in the limit of very slow rotation. We carry out this
expansion to second order and the resulting effective Hamil-
tonian contains hopping between all lattice sites that can be
connected by traversing two links Eq. 13.
While we performed a second order expansion, it is in-
structive to display the effective Hamiltonian to first order in
t



























tb,r+ae† br exp iecr
r+ae




† br + i
r
bxr
† byr − byr
† bxr ,
Cr,r = ei2n	, rx = rx = na1, rx  rx.  18
This Hamiltonian incorporates the first nonvanishing effects
of rotation and can be used as an effective Hamiltonian if
t
 + t / is not large. Indeed a recent preprint which ap-
peared while this paper was in preparation uses this form as
a starting point 33. However, to investigate corrections for
slower rotation one has to go to higher orders as in Eq. 13.
In Eq. 18, we display the vector potential A explicitly to
express the gauge invariance of the effective Hamiltonian.
Our numerical work was carried out using a higher order
approximation Eq. 13 which is also gauge invariant.
In conclusion, we showed how Peierls substitution can be
used for degenerate bands and checked its accuracy with
direct numerical solutions. By investigating how operator
transformations are modified through Peierls substitution
Eq. 15 we derived a first order effective Hamiltonian in
real space Eq. 18.
Going to the next order, we obtain a more accurate, but
more complicated effective Hamiltonian, which displays
how higher order hopping is modified by the effective mag-
netic field. Finally, we also give the expression for on-site
interaction for bosons in terms of the angular momentum
“up” and “down” operators. We hope that our results stimu-
late further theoretical and experimental investigations of the
p-band physics under an effective magnetic field.
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